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Introduction

The concept of Hosoya polynomial was first forwardl988 by Hosoya [1]. Several authhave obtained
Hosoya polynomials for special graphs, graphs lpdame kind of regularity and for compound gra
obtained.

In this paper, we consider finite connected grapltsout loops or multiple edges. For undefined apis
and notations, see [7] and [9].

LetG be a connected graph, and u andv be any two vertices of. The (standari distance d(u, v)
betweeru andv in G is the length of a shorteu — v pathP in G [9].
It is clear that the induced subgre< V(P) > is P itself. Based on this observation, Chartrand, ¢Jain1993
defined the detour distanct (u,v) betweenu andv as the length of a longeu —v path P for which
<V(P)>=P .
Later on, Chartrand, et al amdany authors [8], defined the concepts ddtour distance D(u,v) between
verticesu andv in G, as the length of a longeu — v pathP, without assuming the inducedndition <
V(P) >= P. Therefore to differentiate between the two cotseherestricted detour distance betweern: and
v, denoted byD (u, v) or simplyD*(u, v) [5].
From the definition of the concept' on the vertex sdf (), it is clear that Ou,v) = 0 if and only if u=v an
D*(u,v) =1 if and only if uv is an edge of G. One can nre that the restricted detour distance is not metn
V(G) [3]. )

An induced w+ path of length I'(u,v) will be called arestricted detour path [6], moreover a connected
graph G is known asrastricted detour graph if d(u,v) = D*(u, v) for all verticesu andv of G. All trees and
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all complete graphs arestricted detour graphs. However, cycle graph of order> 5 is not restricted detour.
For more properties and results on restricted detistances, one may see [6].

Restricted Detour Polynomials
Let G be a connected graph. The concept of Hosolympmial H(G; x) is based on standard distance,
(see [1], [4] and [10]), and the concept of detooiynomialsD (G; x) is based on detour distance.
In a similar way, the concept péstricted detour polynomial, denoted by *(G; x) is defined as
D*(G;x) = z xD Wy,
u,v
where the summation is taken over all unordereds paiv of vertices ofG.
Theindex of G with respect toestricted detour distanceis denoted byld*(G) and defined by

dd*(6) = ) D (u,v)

and will be calledestricted detour index of G.It is clear thatdd*(G) = %D*(G; X)|=1-
One can easily notice that

D*(G;x) = Z C* (G, k)xk.
k=0
In which C*(G; k) is the number of unordered pairs of vertiags of G such thaD*(u, v) = k.

Let u be any vertex of, and letC*(u, G; k) be the number of vertices af of G such thaD*(u,v) = k.
Then the polynomial is defined by
D*(u,G;x) = Z C* (u, G; k)x¥,
k=0
is called thaestricted detour polynomial of vertex u. It is clear that

D*(G;x) = %(Z D* (u,G; x)x* + P).

k=0
These concepts are illustrated in the followingnegke.

Example 1: Consider the grap@ shown in Figure 1.

u
1 1 u

Figure 1. The grapti

By direct calculation using Figure 1, we obtain tastricted detour distance of the vertices, thus

Cc*(G,0) =10, C*(G,1) =14, C*(G,2) =6, c*(G;3)=17,

C*(G,4) =8, c*(G,5) =7, c*(G,6)=2, C*(G,7)=1.
Hence, the restricted detour polynomialzois

D*(G;x) = 10 + 14x + 6x? + 7x3 + 8x* + 7x° + 2x® + x7 and dd*(G) = 143.

The restricted detour polynomials and indices ohs@ompound and special graphs are obtained byR, 3
and 10].
In this paper, we obtain thiestricted detour polynomial of the Ladder graphy,.
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The Restricted Detour Polynomial of a Ladder graph Ly,
Let B, be a path of ordet, n > 2. The Ladder graph,, is k, X B,. Itis clear thap(L,) = 2n, q(L,) =
3n — 2, anddiam L,, = n. It is known [4], that the Hosoya polynomial ®is given by

H(P: x) = Z(n ~ k)xk,

A Ladder [5],L;, is L,, with edgeuju, asin Flgure 2. ltis clear tha{Ly,) = 2n, q(L;,) = 3n —1,
diam Ly, = [5] + 1 and Diam L;, = 2n — 1.

Figure 2. The Ladder gragh ,n > 2

The distance between vertices andu;,, also the distance betweepandu;., in L;, are obtained in [5]
and given by the following proposition.
Proposition 1: Fork > 0,

* k-1
DLn(uL-,qu) =k+2 [T )
* / k
D;, (upujy) =k +1+2[5|m
Using this fact, the restricted detour polynomiafsthe ladder graplii; are obtained in the next two

successive theorems.
Theorem 2. For oddn, n > 7, we have

k-1+2[2 =

D*(Ly;x) =2n+ (Bn—Dx +2x* + 257~ Tan X T4 o102 ]+22 TR, x 2] 4
2 2

[ k-1 n+1 n+1

[+1 52

n+1 n+1

n+2l J+22 2 ——+@-1) L+2[ J+(n k)+2

— -1 z+2[ Y+ (n— k)+2["—kJ+2
kit

k+2
1

n;r 1 gn (k- l)+2[ ] n+1_1 (k—i)+1+2lu
22L‘=2 Zk:n_H.H:x + 22 Z n_+1+ix 1+
2 2

22 n+1 Z;(l:“_sz'zl J"'(n k)+2[n k- ]+1+Z R 2 l+2xl+2[iTT1]+(n_k)+2[nT_kJ+2+
2
yn-2 xn+2[ 2| #2241 T D+2 52 |2 =52 +EZ+11 Zn:;(zk 1 k+2[u]+(n D+z[ =2 n

n-2 n k+2[k—]+(n L)+2[

n—i— 1]
k=n+1+1 i= k+2x
2

Pr oof.
Let u; andu; (or uy) where|i — k| # 1 be two vertices of;, . We refer to Figure 2, the following

cases can be distinguished
Casel: Forl—landn—“+1<k<n—1

(1) Notice that the patﬁ1 :
Pyiug, uy, uy, us, Us,Uy, Us, o, Ug, U (O, Up_q,Uy)
is the longestt; — u;, path with< P, >= P, .

Evidently by Proposition 10" (uy,uy) = (k—1) + 2 []‘4;2]
From the symmetry df;, , we haveD* (uy, u,) = D*(uj,uy) . Thus the corresponding polynomial is
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n-1 -
Di(x)=2 x(k_1)+2[T]_
k:"T“H
(2) Notice that the path, ,
Pyiuq, uy, uy, uy, Us,Uy, Us, o, Ug, U (OF o, Up_q,Ug)

is the longest:; — u;, path with< P, >= P, which of the lengtl + 2 [%J [as in Proposition 1].

Evidently D*(uy,uy) = D*(uy, ug).
In this fact the corresponding polynomial is

n-1
D,(x) = 2 Z e,

k="2141
Casell:Fori=1andk=n
(1) For the vertices, andu, there is a restricted detour p#&h, namely
Pyiug,uy , Uy, U, Uy, Ug,Us , Ug, wn, U, Uy (OF ) Up_q,Up)
which is of the length(n — 1) + 2 ["7‘3 .
Now, D*(uq,u,) = D*(uy, uy) , this produce the polynomial

D3(x) = Zx(n_1)+2[n7_3].
(2) For the vertices; andu,, there is a restricted detour pdth, namely
Pyiug,uy , Uy, Us, UL, Ugy,Us , Ug, o, Uy, Uy (OF ., Up_q,Up)
which is of the lengtm + 2 [Z;ZJ the corresponding polynomial is

Dy(x) = xn+2lnT_zl .

(3) For particular ift = 2, notice that there is exactly two restricted defoaths between; andu; which
are Ps :uy ,u, ,up or Pg:uy ,up,u; both are of length 2 . EvidentlyD* (uq, u3) = D*(up_1, uy), the
corresponding polynomial is
Ds(x) = 2x?

CaseIll : For 1<z<—1 andz+2<k<"—+1+(l—1)
(1) From the Figure 2. We notice that the p@&th
Po iui, Ui, Wiq, Uiy, Uiz, Uiz, Uig) -, Up, Up (OF o) Ug, UY) ,Up Up , Ung  Ung s Unz
Up_3 ,Up_g s - U U (OF ..., Upyq, U ) iS alongesty; — u, path with< P >= P¢ and has length

+2[ J+(n k)+2[" k= 1]+1.

Evidently ,D*(u;, ux) = D*(Uy_j41, Un—k+1) » this produce the polynomial
n+1 n+1

= B+i-1)
. i—-1 n—k—1
D6(.x) — 2 2 2 xl+2lTJ+(n_k)+2[T]+1_
=1 k=i+2
(2) Notice that the restncted detour path betweervéitécesu; and u,;, is P, , where
. ! ! !
Py ooup, Ui, Wiq,Uip, Uimp,Ujmg , Ujg, vy Up, Ug (OF o) Up, UY) L Up, Uy o, Upq , Up_p
! ! !

Un—2,Un—3,Un—g - » Ug , U (OF oo, Upeyq , U )

which is of the lengthi + 2 l—J +(n—k)+ 2[ J+ 2.

Now the corresponding polynomial is
n+1 n+1

- ——+(i-1)
D, (x) = Z Z xi+2[%]+(n—k)+2[%]+2_
i=1 k=i+2
CaselV: For2<L<——1andn—+1+L<k<n
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(1) We notice that the restricted detour path betwkervertices:; and u, , namely
Pgiuy, Up, Upsr Uip s Witz Uirs s Uira, o U, U (OF e, Up_q , Up) With < Pg >= Pg
which is of the length(k — i) + 2 [" = 1]

EvidentlyD*(u;, u,) = D*(uj,uy) , the corresponding polynomial is
n+1

Dy(x) = 2 z Z ez

n+1

(2) There is the restricted detour path between theices u; and wu;, which of the length
k-i)+1+2 lk4 J For the symmetry of;, , we have D*(u;,u;) = D*(u;, ui) , by this fact the

polynomial is

n+1
=z 1 a

Dg(x) = 2 z z x(k D)+1+2 _J

i=2 _n+1 .
k——2 +1

CaseV: For"T“+1£i£n—2andi+2£kSn
(1) For the values of and k, the restricted detour path between the vertigesd u,, is of the length
+2[ J+(n k)+2[n k= 1]+1.
Evidently ,D*(u;, ux) = D*(Uy—j41, Un—k+1) » @nd it is corresponding polynomial is
n-2
Dig(x) =2

; 71-2|-1_'_1 k=i+2

(2) For the same values of andk the restricted detour path between the vertigeandw;, , is of the
length

xi+2[ijT1]+(n—k)+2[n_Z_1]+1-

i+2 [i; J +(n—k)+2 l—J + 2 . the corresponding polynomial is
n-2

Dy (x) =

i= 71+1_'_1 k=i+2

xi+2[ifT1J+(n—k)+2[z;kJ+2.

Case VI :
For2<is<n-2.
We notice that from Figure 2, there is a restrialetbur path between the vertiagsand u;, , , of length

l+2l J+(n—1)+2l J+1.

n—i—2

Also, between vertices, andu;,, there is a restricted detour path of lengtk- 1) + 2 [—] +(n—-i)+

2|==

n-2
Dy, (x) = z n+2[—]+2[n i 2]+1
12 =
i=2
and
n_l i-3 n—i-3
D13 (x) — 2 x(n—1)+2[T]+2[ 2 .
i=1
Case VIl :

(DFor1<k< "—+1 and+2<i< n—+1 + (k — 1) . The restricted detour path between the vertigeand

n—i—-1

u; is of the length k + 2 [—] +(n—- l) + 2 [ ] the corresponding polynomial is
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S
+
-

it k-1
x k+2[k4;2]+(n—i)+2[

N‘

n—i—1
4

Di4(x) =
k= i=k+2
(2) For n—“ <k <n-2andk + 2 <i <n.The restricted detour path between the vertigeandu; is of

the Iength k+2 [T] +(n—

] , the corresponding polynomial is

n-2

Dys(x) = X k+2[k4;2]+(n—i)+2[n_i_1

k:nTJrl+1 i=k+2
Now, since the order df;, is 2n and it is size iSn — 1 and adding the polynomials obtained from all the
cases, we get the required resailt.
Coroallary 3: Taking the derivative ofD*(Ly; x) given in Theorem 2 with respect:tcand forx = 1 we get
the restricted detour index bf. m

Theorem 4: For even n = 6, we have

n-2 i i n-1 i i
D*(Li;x) =2n+ (3n— 1)x + 2x% + 2 xn+2l¥J+2ln 3 ZI“ + 2 x(n_1)+2[¥]+2[n 3 3] + G(x),

i=2 i=1
where
n
(Gl(x) for i= 5= 0(mod 4)
n
G,(x) fori= 3 = 1(mod 4)
G(x) =1 n
G;(x) fori= 3 = 2(mod 4)
n
Gy(x) fori= 5= 3(mod 4),
in which
—+(L 1)
G,(x) = 2 z z i+2 uJ+(n k)+2[n 1]+1 42 z z i+2|* ]+(n k)+2[n 1]+1 +
lESllk i+2 lESlz k=i+2
. n )
2 Z Z i+2[%]+(n—k)+2[n_Tk_1]+1+2 Z Z x(k—i)+2[k_i_1]+
=1 k=i¥2 €S} k=D4it1
n .
” 2 x(k—1)+2[¥]+ 2x(n—1)+2[nT_3]+2 Z Z x(k_i)+2[k_zll_1]+
k:%+2 (€512 k:%'”'
g ﬂ+(i 1)
Z Z i+2 —]+(n k)+2[n k]+2 n Z Z i+2 —J+(n k)+2[n kJ+2
i=1 k=i+2 l—7+1 k=i+2
n
2 “ k—i o k-1 n—2
i=2 k:2+i k=%+1
Z ﬁ+(k 1) n
z z k+2[k 2]+(n D+2[ i 1]+ Z z xk+2[¥]+(n—i)+2[n_‘i_1] n
k=1 i=k+2 k_—+1 i=k+2
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n
2 n .
Z Z x(i—k)+1+2[%
k=2 i=Z+k
—+(l 1) —+L
c (x) 2 Z Z l+2lQJ+(n k)+2[n k— 1]+1 Iy 2 2 1+2[ J+(n k)+2[n k— 1]+1
) =
lESz]_ k=i+2 lESZZK i+2
n-1
i—1 n—k—1 k—i—1 k—2
2 Z z i+2 —J+(n k)+2[ ]+1_|_2 z z (k- L)+2[ ]+2 Z x(k—1)+2[T]+
i=p+1 K=iH2 (€521 k=74 ke=5+2
n. .
-3 “ k—i—1 " i—1 -k
2x(n—1)+2[nT] 42 Z Z x(k—i)+2[ zlt ]+ Z Z i¥2 lTJ+(n—k)+2lnTJ+2+
ieSZZ\{lg} k:%+i+1 I€Sy3 k=i+2
%+<i—1) n—2 n
. i—-1 n—k . i-1 n—k n-—2
2 xl+ZlTJ+(n—k)+ZlTl+2 + 2 2 xl+2lTJ+(n—k)+leJ+2+ xn+ZlTJ +
iESZ4 k=i+2 i:%_'_l k=i+2
- k—i - k— oty k-1
Z Z x(k—i)+1+2[TJ+ Z Z (k— L)+1+2l ]+ Z xk+2[TJ+
iesz3\{1,%} k:%+i+1 €24 k:%+i k:%+2
%+k g+(k—1)
Z xk+2[¥]+(n—i}+2[nj_1] " Z Z xk+2[¥]+(n—i)+2[n_i_1]+
kESZS i:k+2 kESZG i:k+2
n-—2 n i n n—1
Z Z xk+2[¥]+(n—i}+2[nj_1]+ Z Z MG k)+1+2 —J " Z £+2 —J+
k=g+1 =kF2 KES25 j=+k+1 i=5+1
n
(z k)+1+2% ’
keSy6\{1} i:ﬂ+k
= +(L 1)
G (x) Zz z i+2 uJ+(n k)+2[n 1]+1 42 z Z i+2| J+(n k)+2[n 1]+1
3 =
i=1 k=i+2 L__+1 k=i+2
n
2 L k—i—1 = k-2 n-3
Zz z x(k—i)+z[ 3 ]+2 z x(k—1)+z[T]+2x(n—1)+z[T]+
=2 =D+ ke=5+1
Z+(i-1) S
z xi+2l%]+(n—k)+2ln4;kj+2 n z z xi+2[%J+(n—k)+2lnT_kJ+2+
€S 1 k=i+2 16532 k=i+2
n-2 n i1 k n e n-1 ko1
Z z xi+2[lTJ+(n—k)+2[nTJ+2+ z z x(k—i)+1+2[Tl n z xk+2lT]+
i=p+1 k=it2 (€531 k=74 k=542
n Sk
. k—i n—2 k-2 ! n—i—1
Z Z x(k—l)+1+2lT +xn+2lTJ+ Z Z xk+2[T]+(n—l)+2[ 2 ]_l_
i€532\{Lg} k=g+i+1 k€S33 i=k+2
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%+(k_i) . n-2 n )
Z Z xk+2[¥]+(n—i)+2[n_i_1]+ Z Z xk+2[¥]+(n—i)+2[n_i_1]+
k€S3, i=k+2 k:%+1 i=k+2
n _ n .
2 Z x(i_k)+1+2l%l+ Z Z x(i—k)+1+2[% —x"+2lnT_ll,
k€S33 i=%+k+1 k€S34 i=%+k
and
i 7+(=D)
G,(x) = 2 Z Z ¥2 %J+(n—k)+2[n_Tk_1]+1+2 Z Z *2 %]+(n—k)+2[n_f§_1]+1+
[€547 k=1+2 i€S4, k=i+2
n-2 n , n .
2 z z xi+2[%J+(n—k)+2[n_{:_1]+1+2 Z Z x(k—i)+2[k_i_1]+2x(n—1)+2[nT_3]+
i=p+1 k=iv2 1€5a\{1} g=T4i41
n—1 n ' Z+(i-1) .
2 Z x(k—1)+2[k4;2]+2 Z Z x(k—i)+2[k_fl_1]+ Z Z ¥2 %J+(n—k)+2[nT_kJ+2 "
k:%+2 €Sy k=%+i i€Sy3 k=i+2
%H i -2 n i
Z Z xi+2l%J+(n—k)+ZlnT_kJ+2 n Z Z xi+2[%]+(n—k)+zlz;k]+2+xn+2[n4;2J+
[€Syq k=i+2 i:%+1 k=i+2
n _ n . -
Z Z x(k—i)+1+2[%] n Z Z x(k_i)+1+2l%l n Z xk+2[%J+
[€S43 k:%+i ies44\{1,%} k:%+i+1 k:%+2
%+(k—1) %+k
TS R S el
KESys i=k+2 KESue i=k+2
. k=21, .. m-i-1 = . i~k n-1
Z z xk+2[T]+(n—1)+2[ . ]+ z z x(l—k)+1+2lTJ _xn+2[T]+
ke=p+1 E=k+2 kESas\ (5} i=5+k+1

L ik
z z ozl

K€Sas j=T+k
Proof:

We refer to Figure 2, four main cases can be djstghed for findingG(x) in which G(x) is the
polynomial corresponding to all possibilitiesigf u;, andu;, uy,.
Casel : g = 0(mod4)
Denote Snu={i:1<i Sg and i = 1(mod4) or i = 2(mod4)} and

Sp={i:1<i S% and i = 0(mod4) or i = 3(mod4)}.

(1) Letu; andu, be two non-adjacent verticeslofLy,). Then the following subcases are considered:
@If ieS andi+2<k<Z+ior i€Spandi+2<k<>+(@i—1), orif

%+1 <i<n-2 andi+ 2 <k <n,then by Theorem 2 Case Ill (1) and Case V {l¢ get

_ i—1 n—k—-1
D*(uj,up) =i+2 [TJ +(n—k)+2 [T] +1.
From the symmetry df;, graph,D*(u;, uy) = D*(Up_j+1, Un—k+1), the corresponding polynomials are
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—+L
Dy(x) = 2 Z Z i+2 —]+(n k)+2[n k= 1]+1

16511 k=i+2
n, ..
7+(l—1)

Dy(x) =2 Z 2 i+2| 2t (et 2[R 1]+1

i6512 k=i+2

n-2 n ]
Da(x) = 2 Z Z xi+2[%]+(n—k)+2[n_i_1]+1
3 -_ .

i=%+1 k=i+2

M) If ieS;\{1}and>+i+1<k<nori=land>+2<k<n-—T1orif
i €Sy and%+i§k£n then by Theorem 2 case | (1) , case Il (1) arse ¢¥ (1) we get
“1] and D* (ul,uk)—(k—1)+2[k 2] and if i=1 andk=n then

D™ (uj, up) = (k —

* -3
D*(uy,uy) = (n—1) + 2 ["T]
From the symmetry af;,, D*(u;, ux) = D*(Uy—;41, Un—k+1), the corresponding polynomials are:
n

Dy(x) = 2 o+

iesin{1} k:%+i+1

n—1 ko2
Ds(x) =2 Z x(k‘l)”[T],

n
k—§+2

Dg(x) = 2x(n—1)+2[nT_3’]

D,(x) =2 Z zn: Doz

[€512 =1+

(2) For the restricted detour betwegnandu, :
@If1<i<Z andi+2<k<Z+(-1) orif Z+1<i<n-2andi+2<k<n

then similarly from Theorem 2 Case Ill (2) , Case(2) we get D*(u;,uy,) =i+ 2 [—J +(n—k)+

2| +2.

This produce the polynomials
TL

= +(l 1)
Dg(x) = z Z l+2l—]+(n k)+2[n k]+2
i=1 k= L+2

Dy(x) = z Z ‘+2[—]+(n k)+2[—k]+2

l——+1 k=i+2
(b) If ZSisg and%+££k£n or L=1and5+1SkSn—1 ori=1and k =n then from
Theorem 2 Case | (2) ,Case Il (2) , Case IV (2)get:

k—i
D*(upul) = (k— i)+ 1+2 lTJ
, k—1
D*(ul,uk) = k + 2 lTJ:
n —
D*(uq,up) =n+2 [—
Evidently, D*(uy, uy) = D*(uj, ug) whereg + i <k <n -1 the polynomials are
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|3

2

n
Z x(k D+1+2 —]

Dyo(x) =
=2 j=p+i
n-1
Dy1(x) =2 z xk+2l%l,
k=241

2
n-2
DIZ(x) = xn+leJ_
©If 1<sk<Z andk+2<i<Z+(k—1) or Z+1<k<n-2andk+2<i<n then from
Theorem 2 Case VIl (1) and (2) the restricted detiistance is

)

D*(uy ,u;) = k+2[—]+(n—1)+2[ﬂl

and the corresponding polynomials are
—+(k 1)

Dy3(x) —i Z k+2[k—]+(n D2

k=1 i= k+2

Dy, (x) = Z Z xk+2[k4;2]+(n—i)+2[n_i_1 _

k=%+1 i=k+2

(dIf2<k s% and §+ k < i <n then from Figure 2ve notice that betweerj, andu; where2 < k <

> and Z+k <i<n thereis arestricted detour path P , namely

!

Piuy, Ug,Upsr r Ugsz Uz »Ukss s Ukqar - Ui, U; (OF .., u;_q, u;) which is of the length
i—k
(i—k)+1+2[TJ.

The polynomial is

N3

n
i— k

k=2 L—£+k
2
Casell :gz 1(mod4)

Denote S,; = { 1:1<1<7 andi=0(mod4) }

s~

)
i: 1<l<2andl$0(mod4)}
)

s~

i:1§i<—andi$1(mod4)}.

N

=i
SZ3={1:1Si<—andi51(mod4) ,

{

=1

k:1<k<Zandk=3(mod4)},
526={k: 1<ks<Z andk$3(m0d4)}.
(1) Letu; andu,, be two non-adjacent verticesWiiLy,). Then the following subcases are considered:
@If i€Syandi+2<k<Z+(@—1) or i€Spandi+2<k<Z+ior >+1<i<n-2 and
i+ 2 <k <nthenby Theorem 2 Case Ill (1) and Case V (18 get
_ i—1 n—k—1
D*(uj,up) =i+2 [TJ +(n—k)+2 [T] +1.

Evidently,D* (u;, ux) = D*(u;,_; 41, Un—r+1) @nd then we get the following polynomials
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Z+(i-1)
Dy (x) = 2 Z Z i¥2 %J+(n—k)+2[n_Tk_1]+1’
i6521 k=i+2
S+
D,(x) = 2 Z Z £+2 %J+(n—k)+2[—n_f§_1]+1’
iESZZ k=i+2

n-2 n ]
Da(x) = 2 Z Z xi+2[%]+(n—k)+2[n_i_1]+1
3 -_ .

i=%+1 k=i+2

b)If i€SyandZ+i<k<nori=land>+2<k<n-1or i€Sp\{l,3}andZ+i+1<

] and D*(ul,uk)=(k—1)+z[$] and if i=1 and

k—i-1
4

k=n then D*(uy,u,) =(Mn—1)+2 ["7‘3]
By similar way we get the following polynomials
n
o ork=i=1
D4_(x) =2 Z Z x(k_l)-'-z[ i ],
1€521 =7 +i

n-1 ko2
Ds(x) =2 Z x(k‘l)”[T],

n
k—§+2

k<n then D*(u,uy) = (k—i)+2 [

De(x) = 2x(n_1)+2[nT_3],

D,(x) =2 Z Zn: D2

ieszz\{l,g} k:%+i+1
(2) For the restricted detour distance betwegandu,, , similarly, we have
@Ifi€Syandi+2<k<>+ior i€Syuandi+2<k<Z+(i—1) or Z+1<i<n-2 and

i+2<k<n then D*(ui,uk)=i+2liTTlJ+(”‘k)+2h;kJ+2'

Thus, we have the following polynomials:

n. .
§+l

Dg(x) = Z z xi+2[ijT1]+(n—k)+2lnT_k]+2’

iE523 k=i+2
n .
7+(l—1)

Do) = )

iESZ4 k=i+2

2 It i—1 n—k
Dyo(x) = Z z xi"'leJ"'(n_k)"'leJ”_

i=%+1 k=i+2

xi+2[ifT1]+(n—k)+2[zi]+2 ’

(b) If i€S;3\{1,7}and>+i+1<k<nor i€Syand+i<k<n or

i=1 and % + 2 < k < n—1, then similarly the restricted detour distance are
, , k—i , k-1
D*(upy) = (k — i) +1+2 lTJ D (up ) = k + 2 [T

and D*(uq,up) =n+2 lnT—z ,

the corresponding polynomials are
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Dy (x) = 2 i (k D+1+2 _J

iesz3\{1,%} k:%+i+1

n
. k—i
Dlz(.x) — 2 Z x(k—l)+1+2lTlJ )

1€524 =1+
n-1

DGy = Y ]

n
k—7+2

-2
D14(x)=xn+zlnTJ_
(©f k€Sysandk+2<i<Z+k ork€Sysandk+2<i<Z+(k—1)or>+1<k<n-2 and

k+2 <i<n thenbythe same way

D*(uy, ul)—k+2[—]+(n—l)+2[n_—l_1]

)

and the polynonlials are
n
E+k

Dys5(x) = Z Z xk+2[¥]+(n-i)+2["_i‘1],

kESZS i=k+2
n .
E+(k—l)

D16(x) = z z xk+2[¥]+(n—i)+2["_i—1],

kESZB i=k+2

AT P POy i 51
D17 (x) = Z z X 4 4 L

k=%+1 i=k+2

A If keS;sand>+k+1<i<norkeSandZ+k<i<nork=1landZ+1<i<n-1,then
there is a restricted detour path as in Casedlfdye, we have the following polynomials:

n
. i—k

K€S25 i=Ttk+1

. i-k
x(l—k)+1+2lT

Dyo(x) =
keSy6\{1} i=%+k
s i-1
Dyo(x) = Z xl+2[TJ-

.. n
l—E‘l'l

Caselll : gz 2(mod4)
Denote S3; = {i 1< Sg and i = 0(mod4) ori = 3(mod4)},

S3, = {i 11 <i S% and i = 1(mod4) or i = 2(mod4) },

S35 = {k 1<k Sg and k = 0(mod4) or k = 3(mod4)},

Sa4 = {k 11<k< E and k = 1(mod4) or k = 2(mod4)}.
(1) Also for two non- adjacent verticas andu, in V(L3,), we have the following subcases:
(a) If 1<l<5 andl+2<k<—+(l—1)or—+1<l<n—2 andi+2<k<n

nkl]_}_1

thenD* (ul,uk)—l+2l J+(n k)+2[
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and we get the following polynomials:

n n .
G

D, (x) = ZZ 2 xi+2[ifT1]+(n—k)+2[n_Z_1]+1,

i= k=i+2

[\

n-2 n ]
D,(x) = 2 Z Z xi+2[%]+(n—k)+2[n_i_1]+1
2 -_ .

i=%+1 k=i+2

MIf 2<i<’and>+i<k<nori=land>+1<k<n-—1 then
D*(u;wy) = (k — l)+2[ ]and D(ul,uk)—(k—1)+2[k 2] and if i=1 andk=n then

D*(ug, up) = (n— 1) +2 [T]
the corresponding polynomials are:

k—i—-1

N3

n

Dy (x) = ZZ z U2 =]

i=2 k—%ﬂ

D4_(x) =2 z x(k_1)+2[k4;2],

n
k=5+1

-3
D) = 20+
(2) For the restricted detour distance betwegandu, the subcases are:
(@) If i€ S; andi+2<k<ﬁ+(i—1) or i €S, andi+2<k<2+i or %+1§i§n—2 and
i+2<k<n then D* (ul,uk)—l+2l J+(n—k)+2l J+2
and the polynomials are:

Z+(i-1)
Dy (x) = Z Z £+2 —J+(n k)+2[n kJ+2
6 =

i€S31 k:i+2

S+
.o li—1 n—k
D7(x) — z z xl+2lTJ+(n—k)+2lTJ+2 ,

lES32k l+2

Dg(x) = Z z l+2[¥J+(n k)+2[" kJ+2

i=p+1 k=i+2
M) If €Sy and>+i<k<nor i€Sp\{l3} andi+i+1<k<nor i=1and>+2<
k<n-—1,then D*(u,u}) = (k — l)+1+2[ JD(ul,uk)—k+2l j

and D*(uq,up) =n+2lT

Thus the corresponding polynomials are:
n

Dy(x) = Z z (k—-0)+1+2 _J

1€531 k=74

n
. k—i
Dlo(x) — Z 2 x(k—l)+1+2lTlJ )

ies32\{1,§} k:%+i+1
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n—1

Dy (x) = Z xk+2l¥J,

n
k=5+2

Dy, (x) = xn+2lnT_zl.

©If keSszandk+2<i<Z+k ork€Szandk+2<i<>+(k-1Dor>+1<k<n-2 and

k+2<i<n then D*(u, ul)—k+2[—]+(n—l)+2[n = 1],
and we get the following polynomials

T+k
k—2 , n—i—1
Dys(x) = Z xk+2[T]+(n—L)+2[ 4 ],
kESgg i=k+2
%+(k—1)
k—2 o o[n—i—1
Dy,(x) = Z 2 N e i
k€S34 i:k+2

NI T e 1
Dis(x) = 2 Z X 4 41

k=%+1 i=k+2
AIf keSszand>+k+1<i<norkeSy\{l}and +k<i<nork=1land>+1<i<n-

1, then the corresponding polynomials are:
n

-k

k€S33 i=%+k+1
n

Dy (x) = Z Z x(i—k)+1+2[iTTk _xn+2[nT_1J-

K€S3a i=T+k

CaselV: g = 3(mod4)

Let 541={':1<i<§andi51(mod4)},
={L 1<l<%andi$1(mod4)},

{L 1<i S% andiEO(mod4)},

{l 1< S% and i # 0(mod4) },
545—{ 1Sk§;1 andkEZ(mod4)},

Sig = {k t1<k<=> andk E3 2(mod4)}.
(1) Letu; andu,, be two non- adjacent verticesWiiLy,). Then the following subcases are considered:
@If i €Sy andi+2§ks—+z or i €S,, andl+2<k<—+(l—1) or E+1S1Sn—2 and

nk1]+1’

i+2<k<n thenD* (ul,uk)—l+2l J+(n k)+2[
and we get the following polynomials

S+
Dy (x) = 2 Z Z xi+2[ifT1]+(n—k)+2[n_f‘f—1]+1

iES41 k=i+2
n .
7+(l—1)

Dy(x) = 2 Z xi+2[ifT1]+(n—k)+2[n_if_1]+1

iES42 k=i+2
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n-2 n ]
Dy(x) = 2 Z 2 xi+2[%]+(n—k)+2[n_i_1]+1
3 -_ .

i=%+1 k=i+2
M)If i€Sy\{1} andZ+i+1<k<nori=land>+2<k<n-—1or

""‘i‘l] and D*(uy,u) = (k—1) +

i€S;; and S+i<ks<n then D*(ui,uk)=(k—i)+2[

2 [%] andif i =1 andk =n then D*(uj,u,)=Mm—-1)+2 [nT_?’]

and we get the following polynomials
n
o ork=i=1
Dy(x) =2 x(k_l)”[ 4 ],

i€541\{1} k=%+i+1

n-1 k=2
DS(X) =2 z x(k_1)+2[T]’

n
k—7+2

De(x) = 2x(n_1)+2[nT_3],

D,(x) =2 Z zn: D2

[€542 =1+

(2) For the restricted detour distance betwegandu,:
@ If i€Szandi+2<k<>+(@i—1) or i€Syandi+2<k<Z+ior >+1<i<n-2 and

i+2<k<n then D*(ui,u;c)=i+2["jTl]+(n—k)+2[”T"‘]+z.
The corresponding polynomials are:

Z+(i-1) ‘
Dy(x) = z xi+2[%J+(n—k)+2[n4;kJ+2
8 - ’
iES4_3 k=i+2
S+
. i-1 n—k
Dg(x) — 2 Z xl+2lTJ+(n_k)+2lTl+2,

iES44 k=i+2

2 It i—1 n—k
Dyo(x) = Z z xi"'leJ"'(n_k)"'leJ”_

i=%+1 k=i+2
(b) If ieS43and§+iskSn or ieS44\{1,§} and%+i+1§k§n or i=1 and%+2£
k<n-—1, then D*(ui,u;)=(k—i)+1+2[k7‘i] ,D*(ul,u;c)=k+2[$] and D*(uy,u}) = n +
n-2
2|57,

and we have the following polynomials:

n
. k—i

[€543 k=T +i

n
. k-i

1€5,4\{L g} k=g-+i+1
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n—1

Di3(x) = Z xk+2[%J:
ke=5+2
Dys(x) = xn+2lnT_zl.
©If keSisandk+2<i<Z+(k—1) ork€S,sandk+2<i<>+kor2+1<k<n-2 and
k+2<i<n then D*(u, ul)—k+2[—]+(n—l)+2[n = 1],
and we get the following polynomials

%+(k—1)
k—2 o o[n—i—1
Dys(x) = Z N e i
k€S45 i:k+2
T+k
k—2 , n—i—1
Dyg(x) = Z Z xk+2[T]+(n—L)+2[ 4 ],
kES46 i=k+2

NI T e 1
Dy7(x) = 2 Z X 4 41

k=%+1 i=k+2
) If keSisand Z+k<isnork€S\{lL7}and Z+k+1<i<nork=1land 2+2<i<
n — 1, then the corresponding polynomials are:

k€Sys l— +k

n j — p—
Dyo(x) = Z Z x(i—k)+1+2[% —xn+2lnT1J_

kESa\ ()} i=5+k+1

Now, add the polynomials obtained from all the saane, we get,(x), G,(x), G3(x) and G,4(x)
respectively.
Since, the order b}, is 2n, size is(3n — 1) and D*(uy,u3) = D*(Up_q1,up) = 2,

D*(upujyy) =n+2| |+ 2|57 +1 wherez <i<n-2,

and

D*(uf uer) = (n— 1) +2| | +2[ 57| wheret <i<n—1.
So, from Theorem 2, Case Il (3) and Case (VI) (@) we get the following corresponding polynomials:

Dzo(x) == sz,
i -2, |n—i-2
Dy (%) = Z xn+2[TJ+2[ . J+1,

ni i-371, [n—i-3
DZZ(X) = Z x(n_1)+2[T]+2[ 4 .

Finally, adding the polynomials we get the requiresliltm
Remark 1. For small values oh we can obtain the restricted detour polynomialdisgct calculation as
given below:

D*(L%;x) = 4 + 5x + x2,

D*(L%;x) = 6 + 8x + 6x2 + x3,

D*(Ly; x) = 8 + 10x + 2x2 + 5x3 + 7x* + 3x5,
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D*(L%; x) = 10 + 14x + 2x2% + x3 + 10x* + 10x> + 8x°.
Corollary 5. Taking the derivative ab*(Ly; x)) given in Theorem 4 with respectitand forx = 1, we get
the restricted detour index df,,. m

In the next theorem we determine the restrictedutediameter ot.;,.
Theorem 6. Forn = 3, we have

(n—1)+2[gl if n = 0(mod4) or n = 1(mod4)
Diam*(L,) = 4

n—2 .
J if n = 2(mod4) or n = 3(mod4).

2
n+[4

Proof.

To find the restricted detour diameterlgf we focuson the longest path such thatV < P >= P of
L;, and for these we have two cases:
Casel : If n=0(mod4) or n = 1(mod4) then the longest path in the gragh is betweeru, and u,

which is of the length(n — 1) + 2 ["7‘3 .
Casell : If n=2(mod4) or n = 3(mod4) then the longest path in the gragk is betweeru; and u,,
which is of the lengthn + 2 [714;2 .

Notice that these longest paths are not uniqueD&st, us) = D*(uq,u,) and D*(uy,u3) =
D*(uy,u,). m
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